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ABSTRACT. In previous work we have shown that classical approximation theory pro- 
vides methods for the systematic construction of inverse-closed smooth subalgebras. Now 
we extend this work to treat inverse-closed subalgebras of ultradifferentiable elements. In 
particular, Carleman classes and Dales-Davie algebras are treated. As an application the 
result of Demko, Smith and Moss and Jaffard on the inverse of a matrix with exponential 
decay is obtained within the framework of a general theory of smoothness. 

o 

^ 1. Introduction 

C*") We describe new methods to generate a smooth inverse-closed subalgebra of a given 

Banach algebra A and to characterize this subalgebra by approximation properties and by 
! ! weights. Recall that a subalgebra 23 of A is inverse-closed in A, if 

every b € 23 that is invertible in A is actually invertible in 23. 

[-Li 

A prototype of an inverse-closed subalgebra is the Wiener algebra of absolutely convergent 
i-Q Fourier series, which is inverse-closed in the algebra of continuous functions on the torus. 

Another example is the algebra C 1 (T) of continuously differentiable functions on the torus; 
the proof that C X (T) is inverse-closed in C(T) is essentially the quotient rule of classical 
!— 1 analysis. 

Many methods for the construction of inverse-closed subalgebras are based on general- 
izations of this simple smoothness principle. In the context of Banach algebras, derivatives 
QO are replaced by derivations. The Leibniz rule for derivations implies that their domain is a 

CO Banach algebra, and by the symmetry of A the domain is inverse-closed in A, see [15]. 

ON A more refined concept of smoothness can be developed, if A is invariant under the 

bounded action of a d-dimensional automorphism group. In this case algebras of Bessel- 
Besov type can be defined, and the properties of the group action imply that the spaces 
defined form inverse-closed subalgebras of A, see [20]. 

A different approach to smoothness is by approximation using approximation schemes 
adapted to the algebra multiplication. This line of research, initiated by Almira and Luther [2, 
3], yields Banach algebras of approximation spaces that are inverse-closed in A, if A is 
symmetric [15]. 

Moreover, if A is invariant under the action of the translation group and the approx- 
imation scheme consists of the bandlimited elements of A, we obtain Jackson-Bernstein 
theorems that identify approximation spaces of polynomial order with Besov spaces. 

All of the above has been carried out in two previous publications [15, 20] for smooth- 
ness spaces of finite order. Now we use the same principles to construct inverse-closed 
subalgebras of ultradifferentiable elements. 
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Classes of Carleman type are defined by growth conditions on the norms of higher 
derivations in the same way as for functions, and we obtain a characterization of inverse- 
closed Carleman classes by adapting a proof of Siddiqi [31]. If the growth of the deriva- 
tions satisfies the condition (M2') of Komatsu, then an alternative description of the Car- 
leman classes as union of weighted spaces or approximation spaces is available. 

Whereas Carleman algebras are inductive limits of Banach spaces we can also define 
Banach algebras of ultradifferentiable elements derived from a given Banach algebra. The 
construction generalizes an approach used by Dales and Davie [7] for functions defined on 
perfect subsets of the complex plane, so we call the resulting Banach algebras Dales-Davie 
algebras. An result of Honary and Abtahi [1] on inverse-closed Dales-Davie algebras of 
functions can be adapted to the noncommutative situation (Theorem 32). 

The general theory has applications to Banach algebras of matrices with off-diagonal 
decay. The formal commutator 8(A) = [X,A], X = 27n'Diag((&)j :fE z), is a derivation on 
T>(£ 2 ), and its domain defines an algebra of matrices with off-diagonal decay that is inverse- 
closed in 23(£ 2 ) [15, 3.4]. The translation group acts boundedly on H(£ 2 ) by conjugation 
with the modulation operator M, — D'mg(e 2Klk '') keI d , 

(1) xM) = M,AM- t = £ A(k)e 2nm for t e R d , 

kez d 



where A (k) is the kth side diagonal of A 

(2) A(k)(l,m)-- 




l—m = k, 
otherwise. 

In [15, 20] the theory of smooth and inverse-closed subalgebras has been applied to de- 
scribe Banach algebras of matrices with off-diagonal decay. 

The approximation theoretic characterization of Carleman Carleman classes of Gevrey 
type on H>(£ 2 ) yields a new proof of a result of Demko, Smith and Moss [10]. 

Theorem 1. If A ^^(l 2 ) with \A(k,l)\ KCe^^ for constants C,y> and all k, I, E Z d , 
and if A~ l G "B(£ 2 ), then there exist C' , / > such that 

\A- l \(k,l) <C'e-^ k - l \ for all k, I eZ''. 

In some instances, Dales-Davie algebras of matrices can be identified with known Ba- 
nach algebras of matrices, e.g. if Cj consists of matrices with norm 

H A HeJ = E LH(/,/-*)|, 



ated to M, see Section 4 



then D l M (Cj ) is a weighted form of this algebra for a submultiplicative weight vm associ- 



The organization of the paper is as follows. First we recall some facts from the theory of 
Banach algebras and review results of [15, 20] on inverse-closed subalgebras of a given Ba- 
nach algebra defined by derivations, automorphism groups, and approximation spaces. In 
Section 3, after treating C°° classes, ultradifferentiable classes of Carleman type are intro- 
duced, and necessary and sufficient conditions on their inverse-closedness are given. Car- 
leman classes satisfying axiom (M2 ! ) of Komatsu are characterized by approximation and 
weight conditions. As an application we generalize the result of Demko [10] on the inverses 
of matrices with exponential off-diagonal decay. The results on the inverse-closedness of 
Dales-Davie algebras are treated in Section 4. In Section 5 some applications to matrix 
algebras with off -diagonal decay are given. In the appendix a combinatorial Lemma on the 
iterated quotient rule is proved. 

Acknowledgment: The author wants to thank Karlheinz Grochenig for many helpful 
discussions. 
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2. Preliminaries 

2.1. Notation. The cardinality of a finite set A is |A|. The d-dimensional torus is T d = 
Mr/Z . The symbol [jcJ denotes the greatest integer smaller or equal to the real number x. 
Positive constants will be denoted by C, C ' ,C\,c, etc., where the same symbol might denote 
different constants in each equation. 

We use the standard multi-index notation. Multi-indices are denoted by Greek letters 
and are a li-tuples of nonnegative integers. The degree of x a — x" [ ■ ■ -x" d is \a\ = Tfj=i a j> 
and D a f(x) = d" 1 ■ ■ ■ d" d f(x) is the partial derivative. The inequality j3 < a means that 

Pj < (Xj for all indices /'. The p-norm on <C d is denoted by \x\ p — (Yfl=i I X WI P ) 

A submultiplicative weight on 7L d is a positive function v : 7L d — > R such that v(0) = 
1 and v(x+y) < v(x)v(y) for x,y E Z d . The standard polynomial weights are v r (x) — 
(1 + \x\) r for r > 0. The weighted spaces ££,(Z ) are defined by the norm || x ||^P(grf) = 
ll xvv ll£p(z < ')- If w = v r we will simply write H^H^zd)- A weight w on If 1 satisfies the 
Gelfand, Raikov, Shilov (GRS)-condition if lim,,^,*, w(nx) x l" = 1 for allx £ Z d . 

The continuous embedding of the normed space X into the normed space Y is denoted 
as X ^ Y. The operator norm of a bounded linear mapping A : X — > Y is ||A||x-).y. In the 
special case of operators A: g 2 (Z d ) -» £ 2 (Z d ) we write ||A|| s ^ 2 ( Z rf)) = ||A|| £ 2( Z j)^2( Z rf) or 
simply ||A|| s^). 

We will consider Banach spaces with equivalent norms as equal. 

2.2. Inverse closed Banach algebras. All Banach algebras are assumed to be unital. To 
verify that a Banach space A with norm || m is a Banach algebra it is sufficient to prove 
that ||afe||.A < C||a||yi for some constant C. A Banach algebra A is a (Banach) *- 
algebra if it has an isometric involution *, i.e., = \\a\\ji for all a € A. The Banach 
*-algebra A is symmetric, if a a (a* a) C [0,°°) for all a E A, where Gj\_{a) denotes the 
spectrum of a E A. The spectral radius of a E A is p^i(a) = sup{|A| : A E Gji(a)}. 

Definition 2 (Inverse-closedness). If A C 23 are Banach algebras with common multipli- 
cation and identity, we call A inverse-closed in 23, if 

(3) a E A and a -1 E 23 implies a G .A. 

The relation of inverse-closedness is transitive: If A is inverse-closed in 23 and 23 is 
inverse-closed in C, then A is inverse-closed in C. 

2.3. Derivations. A derivation 5 on a Banach algebra A with domain 2) = 23(5) = 
D(8,A) a subspace of A. is a closed linear mapping 8 : V — > A that satisfies the Leib- 
niz rule 

(4) 8{ab) =a8{b) + 8{a)b for alia,/? E D. 

If A is a *-algebra, we assume that the derivation and the domain are symmetric, i.e., 
D = D* and 8 (a*) = 8(a)* for all a E D. The domain is normed with the graph norm 

INI© = IMU + l|5(a)IU- 

Assume that A is a symmetric Banach algebra with a symmetric derivation 8. If 1 € 
D(A), then the (symmetric) Banach algebra D(A) is inverse-closed in A. Moreover, 8 
satisfies the quotient rule 5(a _1 ) = — a~ l 8(a)a~ l , see [15]. 

In more generality, let {8i , • • • , 8 C /} be a set of commuting derivations on A. The domain 
of 8 ri 8 r2 . . . 8r n , 1 < Tj < dis defined by induction as D(8 ri 8,- 2 . . . 8,- n ) = T>(S ri ,T)(S ri ...8 ril )) 
For every multi-index a the operator 8 a — Yh<k<d an d * ts domain T)(8 a ) are well de- 
fined. In analogy to C a (M. d ) we equip D(8 a ) with the norm 

NId (5 «)= lii^wiu- 
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Since 8j is assumed to be a closed operator on A, it follows that 8 a is a closed operator on 
V(8 a ). 

If A is symmetric and 1 g T)(8i ( ), 1 <k<d, then CD(5 a ) is inverse-closed in A Further- 
more, the Banach algebra A® = f]\ a ^ k r D(8 a ) and the Frechet algebra A^ = C°°(A) = 
njfcLo"^- ^ inverse-closed in .A [15, 3.7]. 

2.4. Automorphism Groups. A (cZ-parameter) automorphism group acting on the Banach 
algebra A is a set of Banach algebra automorphisms ^¥ — {y/ t } reR rf of A that satisfy y/ s y/ t = 
y/ s+f for all s,t £ M and are uniformly bounded, i.e. M-y = sup rGR rf || yft\\A^A < 00 • If 
A is a *-algebra we assume that consists of ^-automorphisms. 

We call a £ A continuous and write a £ C(A), if lim,^o Wt( a ) = a - 
For t £ M d \ {0} the generator 8 t , defined by 8 t (a) — lim/,^o y/ "^~ a is a closed deriva- 
tion, and the domain D(8 t ,A) of 8 t is the set of all a £ A for which this limit exists. If A 
is a *-algebra, then 8 t is symmetric. 

The action of is periodic, if y/ r = y/r+e, for all t £ M and all 1 < j < d. If the action 
of is periodic, we can define Fourier coefficients of a £ C(A) by 

a(k) = [ \i/ t (A)e- 2nikt dt 

With the group action it is possible to define the classical smoothness spaces, see, 
e.g. [6]. We need the Besov spaces that are defined, using the difference operators = 
(y/t — id)^, by the norm 

ii«iiA!^)-n«iu+(/ R£/ (krniAf«iu)^) 1/p 

for 1 < p < °o (standard change for p = °o), r > and the integer k > r (every choice 
of k yields an equivalent norm). Algebra properties of A? (A) are discussed in [20]. In 
particular, A? (A) is inverse-closed in A for all 1 < p < °o and all r > 0, see [20, 3.8]. 

In a similar spirit Bessel potential spaces are introduced and it can be shown that they 
form inverse-closed subalgebras of A [20]. 

2.5. Approximation Spaces. An approximation scheme on the Banach algebra A is a 
family (X n ) ne -^ of closed subspaces of A that satisfy Xq — {0}, X„ C X m for n < m, and 
X n - X m C X n+m , n,m £ No. If A is a ^-algebra, we assume that 1 £ X\ and X„ — X* for 
all n £ No. The n-th approximation error of a £ A by X„ is E„(a) = inf^Xn \\o —x\\ji. For 
1 < p < °° and w a weight on No the approximation space Ew(A) consists of all a £ A for 
which the norm 

(5) h\\ £ p = (iE k (ayw(k)P) 1/p 

k=0 

is finite (standard change for p = °°). If w is a standard polynomial weight, w = v r for some 
r > 0, then in order to remain consistent with the existing literature we define £.f(A) = 

Algebra properties of approximation spaces are discussed in [3, 15]. In particular, 
in [15] the following result is proved. 

Proposition 3. If A is a symmetric Banach algebra with approximation scheme {X n ) ne jq 
then Ef- (A) is inverse-closed in A. 

Approximation with bandlimited elements. The relation between smoothness and approx- 
imation is given by the Weierstrass theorem and Jackson-Bernstein-theorems. 

Given a Banach algebra with automorphism group we say that a £ A is a -bandlimited 
for a > 0, if there is a constant C such that for every multi-index a the Bernstein inequality 

(6) \\8 a {a)\\ A <C{2Kot\ 
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is satisfied. An element is bandlimited, if it is a-bandlimited for some a > 0. In this case 
Xq = {0}, X„ = {a G A: a is «-bandlimited}, n G N, is an approximation scheme for A 
[15, Lemma 5.8]. 

Theorem 4 (Weierstrass approximation theorem). If A is a Banach algebra with automor- 
phism group x ¥, the set of bandlimited elements is dense in C(A). 

Theorem 5 (Jackson-Bernstein-Theorem). Let Abe a Banach algebra with automorphism 
group X V, and assume that r > and 1 < p < °° If (X n ) ne jq Q is the approximation scheme 
of bandlimited elements, then Af (A) = £f(.A). In particular 

(7) a G A™ (A) if and only if E n {a) < Cn~ r for all n > . 

3. Algebras of C°° and Ultradifferentiable Elements 

3.1. C°° class. As in the scalar case, elements in a Banach algebra with automorphism 
group that have derivations of all orders can be characterized by approximation properties. 

Proposition 6. If A is a Banach algebra with automorphism group X V, and (X n ) ne ^ is the 
approximation scheme that consists of the bandlimited elements of A, then a G C°°(A) if 
and only if for all r > lim^so E k (a)k r = 0. If the action of^ is periodic, this is further 
equivalent to lim| l ( : |^ 00 ||a(fc)||,/i|Ai|'' = Ofor all r > 0. 

Proof. The proof works as for the scalar case. If a G C°°(A), then a G Af +l (A) for any 
r > by the properties of Besov spaces [5, 20]. Using Proposition 5 we conclude that 
E k (a)k r+1 < C, and E k (a)k r -> for k — > °°. For the other inclusion observe that (7) 
implies a G A™(A), and further 8 a a G A for all a with \a\ = [r\, again by the inclusion 
relations of Besov spaces [5, 20]. 

If the action of is periodic, we use that for all b G Xiu 

(8) a(k)= [ (y t (a)~ Wt (b))e- 27C,kt d tl 

and so ||fl(fc)||yi < C\\a — b\\ji. The infimum of the norm over all b G yields 

(9) \\a(k)\\ A <CE lkl Ja), 

and so E k (a)k r — > implies ||a(Ai)||./iA! r — > 0. If we assume ||a(^)||yiA:'' for all r > 
then Y,k&z d (27Zi) k d(k) converges in the norm of A to 8 a (a) for all multi-indices a, as each 
Sj is closed in T>(S a ), and a G C°°{A). □ 

3.2. Carleman Classes. 

Definition 7 (cf. [12, 13]). Let A be a Banach algebra with commuting derivations 
S\, ■ ■ ■ , 8 C [, and let M = {M k } ke -fis be a sequence of positive numbers with Mo = 1. For 
each r > we say that a G A is in the Banach space C ri M(A), if the norm 

II ii ll5 g (a)IU 
M\c rM (A)= sup 

aeNjJ ' m \a\ 

is finite. The Carleman Class Cm{A) is the union of the spaces C/-m(>/L) ) 

C M (A)=[jC rM (A) 

r>0 

with the inductive limit topology. Call M the defining sequence of Cm(A). 
If A = HjLi ker5y we call Cm (A) trivial, otherwise Cm{A) is nontrivial. 

Example 8. If M k = 1 for all k, then C2Kr,M(A) consists of the r-bandlimited elements of 
A. If M k = k\ r for r > then 3 r (-A) = Cm(^) is the Gevrey-class of order r. In particular, 
3i(-A) consists of the analytic elements of A, i.e., the elements a £ A with convergent 
expansions Lag^rf oF *" ^ or some f > 0. This follows as in the scalar case, see, e.g. [32], 
Consequently, if r < 1 then tJ r (.A) consists only of analytic elements. 
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Equivalence of Defining Sequences. We call two defining sequences M, N equivalent, M ~ 
N, if Cm(A) = Cn(A). If c k Nk <M k < C k Nt for all indices k and some constants c,C then 
M ~ N. Fo example, the Gevrey class 3,- is also generated by the sequence iVj = fe rft . 

We recall a standard construction. Let M be a defining sequence. The function associ- 
ated to M is 

u k 

(10) Zjif («) = sup — for u > . 

fc>0 M * 

We call Tn and 7\f equivalent and write Tn ~ 7m, if Tn(cu) < Tm(u) < T^(Cu) for all 
h > and some positive constants c,C. A function associated to the Gevrey class 3r is 
T M (u) = expC^A)- 

The log-convex regularization M c of the sequence M = (M / t) J teN is the largest logarith- 
mically convex sequence smaller than M. 



Proposition 9 ([21, 26, 27]). 77ze log-convex regularization ofM satisfies 
(11) M£ = sup ; 



»>o Tm(u) 

Moreover, T M c = T M and M cc = M c . 

We will also need the following simple facts about log-convex sequences. 
Lemma 10 ([22, 27]). (1) For all k,l e N the sequence M satisfies M c k M c t < M c k+[ . (2) 



The sequence (M c k ) l l k is increasing. 



If 8\ , . . . , 8d are generators of an automorphism group we can give a weak type charac- 
terization of C r jn(A). 

Lemma 11. Assume that the automorphism group \P acts on A. An element a 6 A is in 
C r ,Ai(A) if and only if ' G a i a (t) = (a' , \j/ t (a)), is in C rj M(i°°(ffi rf )))/or all a' € A', the dual 
of A. In this case \\a\\ CrM[A) x svp^^ \\G a < ia \\c rM {Lr{H<i)) • 

Proof. The required equivalence follows immediately from 

||5 a a|U< sup \\G c/t 8<*a\\L-yii)= SU P \\ DaG a'A\L-(W) <My\\8 a a\\ A 

\\a'\\ A i<l 

by dividing with r a Mi a i and taking suprema over all a. The equality Gj ga a = D a G a < a is 
a consequence of elementary properties of G a i a [15, Lemma 3.20]. □ 

Proposition 12 ([14, 27]). Assume that the automorphism group V P acts on A, and let 
M be a defining sequence for Cm{A). If Urn M^ = 0, then Cm (A) is trivial. If < 
\\mM l J k < oo, then Cm (A) is the class of bandlimited elements. IfMm^^M^ — °°, and 
{M L k ) l l k x {NV)^' k , then Cm {A) = Cm(A). Moreover, the last condition is equivalent to 
Tm ~ Tn. 

Proof. As a g Cm{A) if and only if Gj a € C*f(]R rf ) for all a' e A', the conditions follow 
from [27, 6. 5. Ill] by a weak type argument. The statement given there is for functions on 
the real line, but it remains true for functions on W 1 . In the proof one has to replace the 
Kolmogorov inequality [26, 6.3.III] by the Cartan-Gorny estimates [27, (6.4.5)]. They can 
be verified for functions on W 1 as well (see [22, IV.E., Problem 7]). 

The equivalence between condition (12) and Tm ~ 7/v follows directly from the defini- 
tion of equivalent associated functions. □ 



Corollary 13. In particular, we obtain that Cm (A) = Cm c {A). 
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Algebra properties of Carleman classes. In this section we verify that Cm (A) is an inverse- 
closed subalgebra of A, if Cm (A) = Cm c {A). If A has an automorphism group this follows 
form Proposition 12. 

Proposition 14. Each Carleman class Cm (A) is an algebra. 

Proof. The proof is as in Komatsu [21]. □ 

We need the following technical term: A sequence (mjOagNo of positive numbers is 
almost increasing, if Uk < Cw/ for all k < I and a constant C > 0. 

Lemma 15. Assume that the defining sequence M satisfies M = M c . The sequence (M(. /k\) l / k 
is almost increasing if and only if there is a C > such that for all I € N and all indices 
jk,k= I,..., I with j = Z'k=Jk 

(12) pj_^< C ^. 

k=\ Jk- J- 



fi. t / , Mi\k/j 



Proof. Assuming that (M^/kl) 1 ^ is almost increasing we obtain 

and the "if" part follows by multiplying these estimates. For the other implication observe 
first that Stirling's formula implies that (M^/A:!) 1 /* is almost increasing if and only if there 
is a C' > such that 

(13) — k — <C'— '— forallA:</. 

k I 

If I = rk for an integer r then (12) implies 



M k ' . _,M.i 



<C 



rk 

If rk < I < (r + l)k, we use an interpolation argument. By Lemma 10 the sequence M l J k 
is increasing in k, so 



M}" M l k ' r kr k r> kr\ M]l k 

I ~ kr I ~ I C k 
by what has been just proved. But this implies 

— k —<C' '— <2C— '— . □ 

k kr I I 



□ 



Remark, (a) For the proof of the direct implication we do not need the condition that 
M = M c . (b) Equation (13) implies that M X J k — > °° if (M k /k\) l l k is almost increasing. 

Theorem 16 ([25, 31]). IfCM{A) = Cm c {A) and if (M^/k\) l l k is almost increasing, then 
Cm (A) is inverse-closed in A. 



We adapt the method of [31] to the noncommutative situation. We need a form of the 
iterated quotient rule that will be proved in the appendix. 

Lemma 17. Let E = { 1 , . . . , d} and 8i , . . . , 8 c i be derivations that satisfy the quotient rule 

8j(a^ 1 ) = —a~ l Sj(a)a~ l for all j£E. 

For every teN and every tuple B=(b\,... ,bk) £ E k set 5a (a) = 8j,, ... Sb k (a) . Define the 
ordered partitions ofB into m nonempty subtuples as 

P{B,m) = {(fi!,- • • ,B m ) :B = {B U - - ,B n ^,Bi £ Qfor all i} . 
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Then 

\B\ 



a)\a 1 . 



Proof of Theorem 16. Assume that |a| = fe. With the notation of Lemma 17 there is a 
£-tuple B with \B\ — k such that 8 a = <5g. As a e Cm(A), we know that ||5B.(a)|| < 
Arl B, 'lM| B/ | for some constants C,r > 0. The number of (nonempty) partitions of B into 
sets (Bj)\<i< m £ P(B,m) of cardinality ki is ( fc * ^ ), so we obtain the norm estimate 

II^OIU^EII-- 1 !!^ 1 E (. \)(n^w, ; 



(15) 



Using (12) we obtain 



m=l *i+-*m=k r 1 ''"™/ >=l 



A- 



|5°(OlU <^M,E 



-1 ||m+l^m 



m=l £iH — k,„=k 
kj>l 



k 



k-\ 



= r k C k M k E lla- 1 !!^- ( )<C k M k , 

and this is what we wanted to show. □ 

Corollary 18. The Gevrey classes 3r(A) are inverse-closed in A, if r > 1. 

3.3. Description by Weighted and Approximation Spaces. In this section we charac- 
terize Carleman classes by unions of weighted spaces and of approximation spaces, if the 
action of the automorphism group VP on the Banach algebra A is periodic and the sequence 
M satisfies Komatsu's condition (M2'). 

Definition 19. Let A be a Banach *- algebra with periodic automorphism group VP. For 
1 < p <°° and a weight v on 7L d we introduce the weighted spaces spaces 

& V {A) = {aeA: \\a\\ e?(A) = ( £ \\a(k)\\ A v(ky) < 



ke 



with the obvious modification for p = °°, where d(k) are the Fourier coefficients of a (see 
Section 2.4). 

Remark. If £y(Z d ) is a Banach algebra with respect to convolution, then &v(A) is an 
inverse-closed subalgebra of A. The proof is a straightforward adaption of the proof of [17, 
Theorem 3.2], based on the theorem of Bochner-Philips. 

Lemma 20. IfM is a defining sequence for Cm {A), r > 0, and T ri u{k) — 7m( 27C ^°° ), then 
C l TrM (A)CC,, M (A)CCr r JA). 

Proof. Assume first that a € C v m{A). Let j be an index such that \kj\ = \k\oo. Then, by 
/-fold partial integration 

a{k) = f Wt (a)e- 2 * lk " dt = — - f Wt {8 l a)e-™ kt dt . 
Jt> (2nikj) 1 Jt<i 1 

Taking norms we obtain 

||a(*)IU<c- y ' Ml 



{2n\k\« 
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This relation is valid for all I € No, and therefore also for the infimum, which yields 

\\a(k)\U<C/T rtM (k),oraee? rM (A). 

For the converse inclusion assume that a e Cj. , i.e., Y,kei d I I^WI U^rjtfW < °°- F° r 
a € Ng we estimate the norm of 8 a (a) by 

||5 a (a)|U< E ll* B (a(*))IU < I(2*|*|-) W ||a(*)IU 

(2^|jfc| )l a l «l a l 
<Nlel (yi)sup " <NU (^) su P r /„ M 
r - M feeZ 14 l r,M\k) 7 >.m v ; „>o iM(u/r) 

= Nle' (V" lM |a| ' 

the last equality by (1 1), and so a G C r j^c (A) = C k m{A). □ 

Corollary 21. Wi'?/i f/ze notation of Lemma 20, 

\Je l TrM (A)^c M (A)^\Jei M (A), 

r>0 r>0 

where all spaces are equipped with their natural inductive limit topologies. 

In order to obtain equality in Corollary 21 we impose condition (M2 ! ) of Komatsu [21]. 

Lemma 22 ([28], [21, Prop. 3.4]). If M is a defining sequence, the following are equiva- 
lent: 

(M2') There exist constants c > 0, h > 1 such that for all k € N. 

(1) T M (hr) > CrT M (r)for all r > 0. 

(2) > exp(log(r/c)log A/log/z) for all r,X > 0. 

Example 23. The defining sequence for the Gevrey-class <J r , r > satisfies (M2'). 

Proposition 24. If A is a Banach algebra with periodic automorphism group and if the 
defining sequence satisfies (M2'j 

c M (A) = |J e TrU {A) = U e^(yi) = U £? r , M (A) 

r>0 r>0 r>0 

w/f/z f/ze interpretation that these algebras are topologically isomorphic. 

Proof, (see, e.g., [23]) We split the proof into several parts. By known properties of induc- 
tive limits [11] it is sufficient to prove the following inclusions. 

(1) Cf fM (yi) Gj rM (A) : This follows from Lemma 20. 

(2) 6^ (A) ^ G l T (A) for some X > : Using Lemma 22, (2), we obtain the estimate 
E ||a(fe)|UT r , M (|feU) < E ||«WIUr, M (A|fe| 00 )exp(-log(^)| 0gA > 



„ /litl \-logA/logA 

< su P ||«(fc)|Ur, M (A|^) E (— ^ 



If we choose X such that log A /log h > d, the sum on the right hand side of the inequality 
is convergent. 

(3) £l M (A) ^ Gl M (A) follows from (9). 

(4) 6^ (A) (./I) for some fc > will be verified without loss of generality for r = 
2n. The approximation error of a € G£ (.A) can be estimated by < L|a-|oo>/II^WII.a < 
ll fl lle°° L|jtL>/ ^2jrV(l^l) • ^ s T2k,m( u ) = Tm(u) is increasing, we can replace the sum by 
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an integral. We assume that I is so large that — > 2d, and obtain 

E T M H\k\)<( T M \\k\)dk<C T -^-u d - l du 

J\k\ x >l Jl Im\U) 



*L>z 



, Z" 50 1 , , / rf /" x> , , log(i/c)Iogv 

Jl T M (h>) T M (l) Ji 

C — / V 1 £ZV = C' — ^tt-, <C — d~ l 



Tu(l)J\ T M (l)M!lA_ d - T M {1) 

logh 

where we have used(2) of Lemma 22 in the second line. Applying (1) of Lemma 22 d 
times we obtain Tm(1) > Cl d T(l/h d ) with a constant C independent of I. Substituting 
this in the current estimate we obtain EAd) < C||a||e°° T f4 l (l/h d ) , and the constant C is 

independent of I. So ||a|| g°° < Cllall e°° , and that is what we wanted to show. □ 

T 2nh d M T 2x,M 

For a more general discussion of approximation results see [29]. 

4. Dales-Davie Algebras 

In this section we assume that ^ is a one parameter automorphism group acting on the 
Banach algebra A. 

We define Banach algebras that are determined by growth conditions on the sequence 
(||5*(a)||yi)jt 6 N by adapting a similar construction introduced in [7] for scalar functions 
in the complex plane . 

Definition 25. Let M = (M^^q be an algebra sequence, that is, a sequence of positive 
numbers with M Q = 1 and > & ^ for all k, I G N . The Dales-Davie algebra D X M {A) 
consists of the elements a G A with finite norm 

\\4ol f (A) = i M k' l \\8 k (a)\\ A . 

k=0 

The space D 1 M (A) is indeed a Banach algebra. This will be proved in Proposition 28. 



Example 26. Recall that the norm of a derivation on C, 1 ^ (A) (see Definition 19) is ||5 (a)|| e i 
L/eZ 1 1 a{l) |U (2tt| 1 1 ) k . For the norm on D X M {Q\, {A) ) we obtain 



jfe=0 ZGZ ZeZ k=Q lr ' k 



"Wdua) = D a «iu(2*i/|)* = IPWiu E 



Let us define the weight Vm associated to M by 

Thus we obtain D l M (Gl (A)) = &\ U {A) . For this example we have established a relation 
between the growth of derivatives and weights. 

We recall some notions from complex analysis (see, e.g. [24]). For an entire function 
fletMf(r) — supi x i <r \f(x)\. The order of / is pf = lim r ^oologlogM/(r)/logr. If/has 
finite order Pf, the type of / is oy = lim r ^ 00 logM^(r)r - ''/ . If oy — 0, we say that / has 
minimal type. 

In the following lemma some basic properties of vm are collected. 
Lemma 27. 

(1) IfM is an algebra sequence, then V*f(|&|) is submultiplicative. 
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(2) The weight vm can be extended from the positive semiaxis to an entire function if 
and only iflimi l ^ 00 M^ k = °°, 

(3) The weight vm satisfies the GRS condition if and only iflim^^M^/kl) 1 ^ = °°. 
Furthermore, vm is GRS if and only if the analytic continuation ofvM is an entire 
function of order p VM < 1, and, if p VM = 1, then vm is of minimal type. 



Proof (1) Let r, s > 0. Then 

- <2%f * kl , , ~ * (2nr)' {2ns) k -< 
v M (r + s) = V - — — J — -r's k <y y - < v M (r)v M (s). 



As vm is increasing on M.t , \'M{\r + s\) < vm(H + |s|), and this proves (1) for all values of 
r,s > 0. 

(2) is a consequence of the Cauchy-Hadamard formula for the convergence radius of 
the power series vm- 

(3) We use the following formulas for order and type of the entire function f(x) = 
YX=Q a kX k [24, Theorem 1.2]. 

(18) G f = — \mik\a k \ p f /k . 

Pfek^oa 

If vm satisfies the GRS condition then for all e > there is a r(e) such that 1 < \'M{r) < 
(1 + e)'" = exp(rlog(l + £)) for all r > r(e). This implies that p VM < 1, and if p VM = 1, 
then vm is of minimal type. To verify the last assertion assume first that p Vm < 1 and 
choose e > so small that p Vm + e < 1. Set Nk = M k /(2n) k . Then (17) implies that 
k\ogk < (p VM + e) logA^ for k>k(e), and so k k < N^ M +£ . It follows that 

N k > {k k )P^ =k k{l+S) 

for some 8 > 0, and therefore 

(19) k- l N l k lk >k 8 

for k —> oo. If p VM — 1, then vm is of minimal type, and (18) implies that 

(20) 0=lim/tA^ lA , 

k— >°° 

and that is what we wanted to show. 

If we assume that lim/ ( ^ <x ,(Mi c /k\) 1/!k = °o, then the relations (19) and (20) together 
with (17) and (18) imply that v m is of order < 1. If vm is of order one, the same relations 
imply that it is of minimal type. This means that for all e > there is some r(e) such that 
vm(/) < (1 +e)'~ for all r > r(e), so v M is a GRS weight. □ 

Proposition 28. If A is a Banach algebra with a one-parameter group of automorphisms 
acting on A, and M is an algebra sequence, then D M (A) is a Banach algebra. 

Proof. The algebra property follows from using Lemma 27(1). To prove completeness let 
a n be a Cauchy sequence in D l M (A). This implies that 8 k a„ is a Cauchy sequence in A for 
all indices k. As 8 is a closed operator and A is complete it follows that there is an a E A 
such that for all k > the sequence 8 k a n converges to 8 k a in A. By standard arguments 
this implies that a„ — s- a in D M (A). □ 

Proposition 29. If A is a Banach algebra with a one-parameter group of automorphisms 
acting on A, and M is an algebra sequence, then all elements ofD M (A) are continuous, 
C(D M (A))=D M (A). 
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Proof. For a eD M (A), 

i»c.)-«^E '«<*y wi * + c«. + .) E « 

fc=0 iKi * k=M+\ m k 



For e > given we can choose M such that the second sum in the expansion above is 
smaller than e. As S k (a) G C(A) [15, Proposition. 3. 15] for all k £ No, the first sum can be 
made small by choosing t small enough. □ 

Proposition 30. The bandlimited elements of A are dense in D M (A). 

Proof. We have to verify that the bandlimited elements of A coincide with the bandlimited 
elements of D l M (A). Indeed, if a is bandlimited in A with bandwidth a, this means that 
||S*a|U < Ca k for all k e f% This implies that 

k - \\8>+ k a\\ A k y \\8'a\U k 

so a is bandlimited in D l M (A). Assume now that a is bandlimited in D l M (A). By definition 
we obtain || 5*a||^ < || 5*a|| D i < Ca* , and so a is bandlimited in A. An application of 
Weierstrass' theorem (Theorem 4) yields the assertion of the proposition. □ 

Proposition 31. D l M (A\ (A)) = Aj (D l M {A)) for r > 0. 

Proof. LetaeDjtf(Aj(^.)), and assume that / > |/J ■ Then 



1 



<r=0 fc=0 



l A r' a llD^(>l) A 



so a e A'(D^(yi)). The same calculation shows also the converse inclusion. □ 

As £. l r (D M (A))=A}.(D M (A)) by (7), Proposition 3 1 identifies the approximation spaces 
E\{D M {A)) with the Dales-Davie algebras over A' (71). 

As Gl(A) is inverse-closed in A, if v is a GRS weight it would be natural to conjecture 
that D l M (A) is inverse-closed in A if and only if vm is a GRS weight. However we can only 
prove the following. 

Theorem 32. Let A be a Banach algebra, and M an algebra sequence. Set P k = M k /k\. If 
(21) A m = sup{(Pr 1 riA/) 1/W : l i > l f° rl <J< ™, £ h = k } 

7=1 j=l 

satisfies lim,„_ ! . 00 A m = 0, then D M (A) is inverse-closed in A. 

Remark. Before proving the theorem we point out how condition (21) is related to the prop- 
erties of vm- If (21) is valid, it follows in particular that lim^^M^/kl) 1 ^ = °° (Choose 
= 1 for all j on the RHS of (21) ). By Proposition 27 (3) this means that vm satisfies 

the GRS condition. Let us assume now that vm satisfies the GRS condition, or equiva- 

l/k 

lently lim^^P^ = °o. If the sequence P k is log-convex, then it satisfies (21) by [1, Cor. 
3.6]. Choose now a sequence Nk such that Nk/k\ is the log-convex minorant of P k (clearly, 
Nk < M k ), then N k /kl satisfies (21) and is GRS, and v^r > Vm- This means that condition 
(21) does not put stronger growth restrictions on vm than GRS, but rather imposes some 
sort of regularity condition. 

In this respect it would be interesting to solve the equivalence problem for Dales-Davie 
algebras: What are the conditions for two algebra sequences M and N such that D M (A) = 
D l N (A)7 
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Proof. We use the iterated quotient rule (14) to estimate the norm of a l . 

KW)=£ "** (<rl)lu 

II WD M (A) U Mk 



k=0 mk m=l l l + ...l,„=kj=l V- 



kl V ll«- 1 ll"'+ 1 V FTP II^WH 



I k=ml l +...I,„=k Pk j=l 1 M 'r 



<\\a- l \\ A +^\\a-'\\'X +1 AZ(\\a\\ DUA) -\\a\ 



By hypothesis, for any £ > there exists an index m £ , such that A m < £ for all m > m e . So 



if £ is small enough the series converges, and \\a ^ < oo. □ 



The condition (21) is not easy to verify. Some sufficient conditions on P^ = M^/kl are 
given in [1]. 

Example 33. The Gevrey sequence = kY, r > 1 is an algebra sequence, and P^ = kV'~ l 
is log-convex. By [1, Cor. 3.6] this implies (21), so D l M (A) is inverse-closed in A. 

If the algebra A is commutative, we can do better by adapting a proof of Hulanicki [18]. 

Proposition 34. // A is a commutative, symmetric Banach algebra, *P a periodic one- 
parameter group of automorphisms acting on A, and M a weight sequence that satisfies 
lim^oa^Mii/kl) 1 ^ = oo (equivalently, vm is a GRS weight), then D\j{A) is inverse-closed 
in A. 

Proof. Assume an £ > 0, and decompose a € A into a = a c + r, where H^ll^i , A s < £, 
and a a is c-bandlimited for a a > that clearly depends on £. Bernstein's inequality for 
bandlimited elements (Equation (6)) implies that 

(22) H^IId^^) = L ^ ^ L — ^ — IMU = VM{o)\\a a \\A- 

k=Q * i=0 " 

This implies that 



< Cv M ( P a) £ (?) \\a a \\' A e"-' = Cv M ( P a)(\\a a \\ A + eY 
<Cv M {pa)(\\a\\ A + 2e) p , 

where we have used that a l a is /u-bandlimited. So p D i t A \{a) = limp^ o||a p || < 



A + 2e, and consequently p D i r A \(a) — p>i(a). The Lemma of Hulanicki [18, Prop. 



2.5] then shows that D l M (A) is inverse-closed in A. □ 



14 



ANDREAS KLOTZ 



5. Applications to Matrix Algebras with off-diagonal decay 

5.1. Preliminaries. In this section we apply the theory developed so far to inverse-closed 
subalgebras of infinite matrices with off-diagonal decay. This is continuation of [15, 20]. 

A matrix algebra A (over l/) is a Banach algebra of matrices that is continuously 
embedded in B(£ 2 (Z d )). We drop the reference to the index set If 1 whenever possible. 

Our examples are matrix algebras with off-diagonal decay. One way to describe off- 
diagonal decay is by weights. If A is a matrix algebra and w a weight on 7L d , the weighted 
space A w consists of the matrices A G A such that the matrix A w with entries A w (k,l) = 
A(k,l)w(k — I) is in A. The norm on A w is ||A||/i u , = ||A„,||yi. 

If A is a matrix algebra over Z c/ , we define the symmetric and commuting derivations 
Sj(A)(k,l) = [Xj,A] (it,/) = 2jti{k } - lj)A(k, I), where Xj = Dmg(27Zikj) keZ j and \<j<d. 

We call A solid, if A 6 A and \B(k,l)\ < \A(k,l)\ for all indices k,l implies B G A and 
\\B\\a < \\M\a- If A is solid, then A { '^ = A Vm (see Section 2.3 for the definition of A^>). 
In particular, A Vm is an inverse-closed subalgebra of A. 

With the help of the modulation operator M,x(k) = e 2n,k ''x(k), k G Z' 1 we define a 
bounded and periodic group action % t on 23(i? 2 )by 

Xt (A) =M t AM- t , X,{A){k,l) = e 2 ^ k -'>'A(k,l) . 

We call the matrix algebra A homogeneous (c. [8, 9], see also [30, Chapter 9]), if the 
periodic automorphism group % = {Xt} te m d * s uniformly bounded on A. In this case the 
derivations 8j defined above are the generators of the automorphism group. 

If A is a homogeneous matrix algebra, then an easy computation shows that the A:th 
Fourier coefficient of A € A coincides with the kth side diagonal, so the notation is consis- 
tent. 

Example 35. (a) The algebra CB(f 2 ) itself is a homogeneous matrix algebra, (b) If A is 
solid, then clearly A is homogeneous, (c) In the literature the homogeneous matrix algebras 
= Cw(2K^ 2 )) are often considered (see Definition 19). More examples can be found in 
[15,20]. 

A second possibility to define matrix algebras with off-diagonal decay is by approxima- 
tion. If A is a matrix algebra and 1^ = {A £ A : A = Y,\k\«,<NA(k)} denotes the matrices 
in A with bandwidth smaller than N, then (Tn)n>q is an approximation scheme for A. In 
this case the algebras £? (A) consist of matrices with some kind of off-diagonal decay that 
in general cannot expressed by weights, see [15, 20]. 

If A is a homogeneous matrix algebra, then a A £ A is banded with bandwidth N, if and 
only if it is A^-bandlimited with respect to the group action {Xt}, see [15, 5.7]. 

5.2. Smooth and ultradifferentiable matrix algebras. If we apply Proposition 6 to ho- 
mogeneous matrix algebras we obtain the following result. 

Corollary 36. If A is a homogeneous matrix algebra and A € A, then \\A(k)\\^ = 0(|A:|~'') 
for all r > if and only if E[(A) = Q(l~ r ) for all r > 0. IfA~ l G A then these conditions 

imply that \\A^(k)\\A = 0(\k\~ r ) for all r>0. 

Considering Carleman classes for a homogeneous matrix algebra we want to identify 
the trivial classes first. If A is a homogeneous matrix algebra, then Cm (A) is trivial if and 
only if A consists only of diagonal matrices. 

It is of some interest, that for a special class of homogeneous matrix algebras we obtain 
a converse of Theorem 16 by adapting a construction in [31, Thm 1]. 

Proposition 37. Assume that A is a homogeneous matrix algebra and that the translation 
operators defined by (7^^)(/) = x(l — k) are uniformly bounded: 



(23) 



PilU<c 
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for all k 6 Z . 7/f/ie nontrivial algebra Cm {A) is inverse-closed in A, then the defining 
sequence M is almost increasing. 

Remark, (a) Actually, it follows from the proof that itsuffices to assume that ||7^ ei < C 



1 1 

for all k € No. (b) The condition (23) is equivalent to C, 1 ^ <—> A, where C, 1 ^ denotes the 
(unweighted) Baskakov algebra, see Section 5. 



Proof. Without loss of generality we may assume that M = (Mk)kei% is log-convex. By 
Proposition 12, the condition HmMi = implies that Cm (A) is trivial. If limMj < °o 
the algebra Cm {A) consists of the banded matrices, which are not inverse-closed in A. 
So we may assume that lirm^ooM^ = °°. Using the convexity polygon with vertices 
((k, log k)) k>Q we can find positive integers (My) ; - G N with the property that Tm{uj) — 

Mf~ l u?j ([27], see also [22] for a detailed discussion). The matrix A = £°° =1 2~-T M : (u,j)T u . ei 
satisfies 

||5f(A)|U <C£ ^ C'{2n) m M m 

for a constant C' > 0. If we choose A > 1 + \\A\\ji then (A — A) is invertible in A, and, by 
hypotheses, (A -A) -1 € C M (A). This means that ||5f (A -A) _1 |U < C^ m M,„ for all m € 
No and for constants C,g > 0. As A is a matrix algebra it follows that ||5J"(A — A) -1 \\<grp.\ < 
Cq m M m . As A is constant along the diagonals standard facts on convolution operators im- 
ply that || 5" (A- A)" 1 1| 3(<2) = fT^-py where 

/(f) = £2-^ 1 (« ; ) e 2 ^i. 

As in [31, Thm 1] we can conclude that Dff(0) = i m s m , where s m > K~ m M m for a K > 1. 
Now let us consider the expansion, given by the iterated quotient rule 

m / k \ 1 

D?(A-/y- 1 (o) = £(A-/y-'- 1 (o) £ , m^/C) 



1=1 ki+-k,=m V" 1 '- ■■'"'/ ;=1 



As A — / > 0, we conclude that 



m / u \ i 

^(A-/)-'- 1 ^) £ ,)Y\M ik <Cq m M m , 

1=\ ki+-k,=m\ Kl ^--' Kl /j=l 



and, in particular 



, )YlM ik <Cq'"M m , 



for &i H /c/ = to (actually, we have assumed that kj > 1 for all indices j, but the reader 

can easily verify the last relation for kj — as well). By Lemma 15 this means that M is 
almost increasing. □ 

Corollary 38. Assume that A is a homogeneous matrix algebra with uniformly bounded 
translations. Any nontrivial Carleman class Cm ( A) is inverse-closed in A, if and only if 
(Mk/k\) x l k is almost increasing. 

The characterization of Carleman classes by weighted spaces and by approximation 
spaces in Proposition 24 yields a new proof of a result of Demko, Smith and Moss [10] 
and of Jaffard [19]. 
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Corollary 39. Assume that A £ 23 (£ 2 ) has off-diagonal decay of exponential order: \A(k, I) | < 
Ce-rlM r far constants C, J > 0, < r < 1, and all k, I, E Z d . If A~ l e 23(£ 2 ), then there 
exist C ,Y > such that 

\A- l (k,l)\<C'e-^ k -'\'' forallk,leZ d . 

Remark. If r < 1 better results exist [4, 16]. 

Dales-Davie algebras of matrices describe new forms of off-diagonal decay. It has 
already been stated that C, 1 ,^ = Dj^(Cj ). Now consider the following simple corollary of 
Theorem 32. 

Corollary 40. If A e 23(£ 2 (Z)) satisfies 

i(k\y r \\8 k A\\v ( p )m <°° 

k=0 

for a r > 1, and A has an inverse A -1 £ 23(£ 2 (Z)), then this inverse satisfies the same 
estimate. 

The result remains valid, if we replace (kl)~ r by any algebra sequence M, such that 
M k /kl is log-convex and lirm,^ 00 (M i ./£!) 1/ '' : = °°. 

An Iterated Quotient rule 

We provide a proof of Lemma 17. The proof is by induction over \B\. If |B| = 1 there 
is nothing to prove. Assume that the statement is true for \B\ < k, and assume \B\ = k. The 
Leibniz rule for 8 B (a -1 a) yields 

(24) 5b (a -1 a) =0 = V S Bl (a~ )8 Bl (a) + a~ l 8 B (a) + 8 B (a~ 1 )a , 

(B { .B 2 )eP(B,2) 

So 

(25) 8 B (a- l ) = -a- l 8 B (a)a- 1 - £ 8 Bx (ar l )S B2 (a)cT l . 

(B u B 2 )eP(B,2) 

As \B\ I < A: we can apply the induction hypothesis. 

8b{cT 1 ) = — a" 8 B (a)a~ [ 

_ I-Sll _ . m . 

E EC- 1 )" E {U^Wja-'S^aja- 1 . 

(B 1 ,B 2 )eP(B,2)m=l (D i ) lsi < m eP(B l .m) j=l 

Interchanging the first two summations we obtain 

5fi(a _1 ) = — a^ 1 8 B (a)a~ l 

-L^r E E (n^wV'MaK 1 - 

m=l (fli,fl 2 )e/>(fl,2)(D,) 1 <,<,„e/>(fl 1 ,m) .7=1 

\Bi\>m 

Now observe that in this expression (D\,- ■ ■ ^D m ,Bj) varies over all partitions of B, The 
condition (A')i<><m € P{B\,m) already implies that |Z?i| > m, so we can set D m+ \ = Bo 
and obtain 



8 B (a )= — a 8 B (a)a 



k-l _ ,m+l . 

E(-!) m e (n^wy 

»=l (D i )i<i< m+ ie/'(5,m+i) y'=i 
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We change the summation index. 

Sb(o 1 ) = — cr 1 8B(a)a~ 1 

'=2 (D ; )i<i<;e^(«,') 7=1 

The term — a _1 5fl(a)a _1 can be included into the sum for 1 = 1. We obtain 

'=1 (Dih<i<ieP(B,l) V=i 

and this is (14). 
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